LOCAL ZETA FUNCTIONS SUPPORTED ON ANALYTIC 
SUBMANIFOLDS AND NEWTON POLYHEDRA 



W. A. ZUNIGA-GALINDO 



Abstract. The local zeta functions (also called Igusa's zeta functions) over 
p-adic fields are connected with the number of solutions of congruences and 
exponential sums mod p™. These zeta functions are defined as integrals over 
open and compact subsets with respect to the Haar measure. In this paper, we 
introduce new integrals defined over submanifolds, or more generally, over 
non-degenerate complete intersection varieties, and study their connections 
with some arithmetical problems such as estimation of exponential sums mod 
p™. In particular we extend Igusa's method for estimating exponential 
sums mod to the case of exponential sums mod p'" along non-degenerate 
smooth varieties. 



1. Introduction 

Let K he a. p— adic field, i.e. [K : Qp] < oo. Let Rk be the valuation ring 
of K, Pk the maximal ideal of Rk, and K = Rk/Pk the residue field of K. 
The cardinality of the residue field of K is denoted by thus K = Vq. For 
z e if, ord{z) e Z U {+00} denotes the valuation of z, and |z|^ = q~°'^'^'-^\ ac 
z = z'K~°^'^^^\ where tt is a fixed uniformizing parameter of Rk- 

Let /i, . . . , /i be polynomials in if [xi, . . . , a;„], or, more generally, if— analytic 
functions on an open and compact set U C if". For 1 < j < ^ we define the 
if-analytic set V^'^\K) := = {x e C/ | (x) 0, l<i< j}. We assume 

that is a closed submanifold of U, i.e. rankK (^§^iz)j = ^ — 1 for any 

z e V'-^^^\ and that // : V'-^^^^ ^ if is an analytic function on V'-'-^^\ Let 
<i> : if" ^ C be a Bruhat-Schwartz function (with support in U in the second 
case). Let w be a quasicharacter of if ^. To these data we associate the following 
local zeta function: 

Z$(c^,/i,...,/z,if) :=Z$(c^,T/('-i',/0 

^ (x) u { fi{x)) I 7GL (x) I, 

for uj £ Qq (K^), where | jgl (x) \ is the measure induced by a Gel'fand-Leray form 
on V^('^^^(if) (see Section 2). In this paper we provide a geometric description of 
the poles of the meromorphic continuation of Z,f,{uj, /i, . . . , if) when /i, . . . , /; 
are non-degenerate with respect to their Newton polyhedra (see Theorem [5] and 
Remark [5]). The relevance of this problem is well-understood in the case in which 
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yC-i) is an open subset of if" (see e.g. [2], [1], [5], [15], [16], [21], [26], [21], [2H], 
[29], [30], p). 

The main motivation for this paper is the estimation of exponential sums of the 
type 

where \z\j^ = with m e N, ^' (•) is the standard additive character of K, and 
is a smooth algebraic variety defined over Rk- In [11], (see also [1], [5Tj). 
Katz gave a stationary phase formula for E{z) when // has Morse singularities 
mod Pk- In [18] Moreno proposed to extend Igusa's method (see e.g. [2], [9]) to 
exponential sums of type E{z). 

A more general problem is to estimate oscillatory integrals of type 

E^{z,V^'-'\fi,K):^E^{z,V^'-'\fi)^ J ^ {x) ^ {zMx)) \ jgl (x) \, 

y('-i)(_R') 

for \z\j^ 3> 0. Indeed, if y^'^^^ (K) has good reduction mod Pk, then E{z) can be 
expressed as an integral of the previous type (cf. LemmajJ]). The relevance of study- 
ing integrals of type E^{z, V^^~^\ fi) was pointed out in [lU] by Kazhdan. In this pa- 
per we extend Igusa's method to oscillatory integrals of type E,j,{z, , //) when 
fi, i = 1, . . . ,1 are non-degenerate with respect to their Newton polyhedra; more 
precisely, we show the existence of an asymptotic expansion for E,^{z,V^^~'^\ fi), 
\^\k ^ '3' which is controlled by the poles of Z,j,{u;, F^'"^^ /;) (see Theorems [31 H] 
Remark [T^l and Theorem [S]). We are also able to estimate the number of solutions 
of a polynomial congruence over a smooth algebraic variety (see Theorem [5]). 

At this point, it is worth to mention that there are other zeta functions supported 
on analytic sets. The naive local zeta function supported on a submanifold is defined 
as 

V^'-'\fi) = J ^ix)S (/i(x), . . . , fi^,{x)) CO ( Mx)) I dx I, 

A'" 

for u! E ft() (K^), where S (•) is the Dirac delta function and | rfa; | is the Haar 
measure of K"^ normalized so that volume of is one. The definition of 'inte- 
grals' of type Z^'^'™ (w, F*^'"^-*, /;) is based on the fact that an expression of form 
$ (x) S {fi{x), . . . , fi^i{x)) I dx I gives a well-defined linear functional on the 
Bruhat-Schwartz space if v^('-i) is a submanifold (see [B] and Section [2. l.ip . Fur- 
thermore, Zg'^'™ (w, F('-i), /i) = Z^{uj, V^^-^\fi) (see Lemmad]). 

In [7j Hashimoto studied local zeta functions on M" and I = 2 supported on 
analytic sets, in the case in which V^^'^ (R) is a submanifold. Hashimoto showed 
the existence of an asymptotic expansion for an oscillanting integral supported 
on y(^) (K) which is controlled by the poles of local zeta functions (|2j Theorem 
14]). This result is an extension of Varchenko's result on oscillanting integrals and 
Newton polyhedra [24]. Hashimoto asserts that a similar result holds when F^^^ (R) 
is singular, more precisely, if V^^^ (R) is a non-degenerate complete intersection 
singularity at the origin ([7, Theorem 27]). However, Hashimoto does not prove 
that the naive local zeta functions are 'true integrals' on some half-plane of the 
complex plane. To the best knowledge of the author, this is a crucial point to 
establish an asymptotic expansion for oscillanting integrals supported on an analytic 
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subset. In the real and p-adic cases, when V^^' is singular, 'integrals' of type 
^naivc are just 'symbols'. However, under suitable hypotheses on 

T/C-i) and by using a toroidal resolution of singularities, it is possible to associate 
to a 'symbol' of type ZJ^'™ (w, V'^'~^\ fi) a meromorphic function, which depends 
on the choice of the resolution. 

In the p-adic case, to circumvent the above mentioned problem, we introduce 
the following local zeta function: 

Z$ (sM'-^\f^ := ^hin^ j -^{x)5r . . . \fi | dx \ 

= hm U{x)q^^'-'^\Ji{x)r^\dxl 

r^+oo J 

where Sr is a sequence of functions satisfying limr^+oo 6r = 6, s d <C with Re(s) > 
0, and Sr ■— {x £ if" | ord{fi{x)) ^ r, i ~ 1, . . . ,1 — 1}. The integrals of type 
Z$ (s, /;) are limits of the integrals considered by Denef in [3]. 

In the case in which fi, i = 1, . . . ,Z are polynomials defined over Rk which 
are non-degenerate with respect to their Newton polyhedra mod Pk, we show 
that Z$ (s, y*^'^^-*, /;) defines a holomorphic function for Rc(s) sufhciently big, in 
addition, it has a meromorphic continuation to the complex plane as a rational 
function of q~'^ which can be computed in terms of the Newton polyhedra of the fi, 
see Theorem[7l The zeta functions Z$ (s, //) may have poles with positive 

real parts (see Example 18. 2p , and several examples suggest that the real parts of 
the poles are eigenvalues of the ^-th principal monodromy introduced by Oka (see 
Example 18. 11 Conjecture [U and references [Tn]-[1S])- 

Finally, we want to mention that there are several open questions, problems and 
conjectures connected with the local zeta functions introduced in this paper. We 
have formulated some of them along this paper. 

Acknowledgement. The author thanks to the anonymous referees for their 
careful reading of the original version this of paper, and for several useful comments 
and notes that helped him to improve the original version. 

Remark The version to be pusblished in IMRN contains two figures. 

2. Local Zeta Functions Supported on Analytic Submanifolds 

Let fi be a polynomial in K [xi, . . . , fi (0) = 0, or, more generally, a i^— ana- 
lytic function on an open and compact set U C X", for i = 1, . . . , L We assume 
that 2 < I < n and set 

V'^^^K) = y(^) ^ {x eU \ fi{x) ^0, l<i<j}, 

as in the introduction. From now on, we will assume that V'-^^K) is a closed 
submanifold of U of dimension n — j. We refer the reader to [8], [S^ for general 
results on if -analytic manifolds. 

Remark 1. All the K-analytic functions on an open set U which are considered 
in this paper are given by one power series which is convergent on the whole set U . 
Since U is totally disconnected, we can take a finite number of open subsets Ui C U, 
which form a partition of U , and if we define on each Ui an analytic function by 
using a power series fi, we obtain an analytic function on U . 
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Let $ : if" C be a Bruhat-Schwartz function (with support in U in the 
second case). Let S{K") be the C- vector space of Bruhat-Schwartz functions. 

Let a; be a quasicharacter of K^, i.e., a continuous homomorphism from 
into C^. The set of quasicharacters form an Abelian group denoted as 51(if^). 
We define an element uj^ of Q (if^) for every s e C as 0;^ (x) = = q-sord{x) ^ 
If, for every w in Q.{K^), we choose s G C satisfying a; (tt) = g^'', then ll!{x) — 
u>s (x) X (ac x) in which x |^x . Hence ft (K^) is isomorphic to Cx (R^)* , 

where (-R^)* ^^"^ group of characters of R^, and ri(if^) is a one dimensional 
complex manifold. We note that a (lu) :— Re(s) depends only on lu, and \lu {x)\ = 
^<7(lu) (x)- We define an open subset of ft (K^) by 

For further details we refer the reader to [9j. To above data we associate the 
following local zeta function: 

<^{x)u{fl{x)) I 7GL {x) I, 

y<'-i)(K) 

for Lo G ^Iq{K^), where | ^gl{x) \ is the measure induced on V'^^~'^\K) by a 
Gel'fand-Leray differential form, i.e., by a form satisfying ^gl^ ^{zX^fi = f\^=idxi. 
The Gel'fand-Leray form is not unique, but Z^{lo, V^^~^\ fi) is well-defined because 
the restriction of 7gl to yC^^) is independent of the choice of 7gl, see (H Chap. 
Ill, Sect. 1-9]. We warn the reader that Z^{uj, /;) depends on fi, .... fi and 

not only on yC"^) and 

Proposition 1. The zeta function Z^{uj, V'^''^^\ /;) is holomorphic on fig {K^).In 
addition, it has a meromorphic continuation to the whole f2(_R'^) as a rational 
function of t = uj (tt) . The real parts of the poles of the meromorphic continuation 
are negative rational numbers. 

Proof. Given a point h g {K), there exists an open compact subset W C K"" 

containing 6, and a coordinate system cf) (x) = (j/i, . . . , ?/„), possible after renaming 
the li's, on W such that yi = fi (x), i = l,...,Z — 1, then 

(X) = {j/, =0, i = l,...,;-l} 

locally, and A^^^dyi = J{x) A"^^ dxi on W, here J{x) is the Jacobian of (pix), 
by schrinking VF, if necessary, we may assume that |J(a;)|^ = | J(6)|^ for every 
X G W. By passing to a sufficiently fine disjoint covering of the support of $, the 
zeta function Z^{uj, /;) becomes a finite sum of Igusa's local zeta functions, 

more precisely, a finite sum of integrals of type 

(2.1) /(c.):=|J(6)|^i J eiy)u;ih{y)) 

where is a Bruhat-Schwartz function, and h (y) := (^fi o 0^^) (0, . . . , 0, y/, . . . , ?/„) 
is a /sT-analytic function defined on an open subset containing the support of O. 
Now the results announced follow from the corresponding results about Igusa's zeta 
function (see [H Theorem 8.2.1]). □ 

In this paper we will study the following problem in a toric setting: 
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Problem 1. Provide a geometric description of the poles of the meromorphic con- 
tinuation of Z^(uj,V'--''^'^\ fi) in terms of an embedded resolution of singularities of 
the divisor Dk U^^/^^ (0). 

2.1. The Naive Definition of F^'-^) , 

2.1.1. The Dirac Delta function. Let 5 denote the Dirac delta function: 

if X ^ 



5{x) 

for X e isT". We set for r G N, 

5r {x) - 



+00 if X = 0, 

if a; ^ [t^^'RkY 
q"-" if x e {■k^'RkT 



Then Hnir— ►+oo [x) = 5 [x), and Jj^„ 5^ {x) \dx\ = 1, for any r € N. We recall 
that if 6* G S{K''), then 

lim / e{x)Sr{x)\dx\^ I e{x)S{x)\dx\=9{0), 



r — ^+oo 



i.e., linir^+co <^r = 6 on S{K"'). 

We now review the definition of 'integrals' of type 

(2.2) J ^ix)Sif,ix),...,fi^,ix))\dxl 

following Gel'fand and Shilov's book [6], in the case in which <i> e S{K'^) and 
y('-i) (^x) is a submanifold. We may assume without loss of generality that $ is the 
product of a constant c by the characteristic function of a ball W :— b+ {7t'^°Rk)"', 
with b £ T/C-i) {K). Since V^^ {K) is a submanifold, there exists a coordinate 
change of the form y = . . . , y„) — 4>{x), with 



fi{x) if i = 1, . . . , Z - 1 
Xi — bi if i — I, . . . ,n, 



such that (j> : W n'^^ Rk x . . . x tt'*" is a X-analytic isomorphism, for some 
(di, . . . , d„) e N", whose Jacobian J[x) satisfies | J(a;)|^ = \ J{^)\k^ ^^o'^ ^'^y x £W. 
By using y — (j) (x) as a change of variables in p.2p we define 

/ . \ 

h^cimi-'q-^i-'"^ 

= c\J{b)\-^'q-^'I-^''^. 



S {yi, . . .,yi-i) I dyi . ..dyi-i \ 



The previous definition is independent of the coordinate system used in the calcu- 
lation because 

j <^{x)\-igl{x)1 
y<'-i)(_ft:) 
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where 7gl is a Gel'fand-Leray form on ^H^)- Here we recall that the restric- 
tion of 7gl to V^-^~^^ (K) is unique, and then the previous integral is well-defined 
P Chap. Ill, Sect. 1-9]. 

Remark 2. Let z € K . Since $ [x) ^E" {zfi (x)) is a Bruhat- Schwartz function, we 
can apply this to obtain the following result for oscillatory integrals: 

/ $ (x) <5 (/i(x), . . . , /,_i(x)) VI/ {zfi (x)) I dx h / <f {x) ^ (zfi {x)) I 7GL (x) I . 

V('-i)(A') 

2.1.2. r/ie naive definition. The nai've local zeta function supported on a subman- 
ifold is defined as 

Zr™(c^,V-^'-'\/i)= / 'i>{x)d{f,ix),...Ji_,{x))u;ifiix))\dx\, 
forwG Qo (if^). 

From the previous discussion about the integrals of type /$ and by using the same 
reasoning as in the proof of Proposition [1] and Remark [1] we obtain the following 
lemma. 

Lemma 1. Z^-'-%u,V('-^\, fi) = Z^iLo,V^'-^\ fi), for lo e ftaiK'^). 

Let gi : U K , gi (0) ~ 0, i ~ I, ... ,1, I > 2, he a,n analytic function on an 
open subset U. We set W :— {x ^ U \ gi (x) ~ O.i ~ 1, . . . ,1 — 1}. Another zeta 
function is defined as follows: 



Z^{uj,W,gi) := lim <P {x) S,. {gi{x), . . . , gi^i{x)) uj {gi {x)) \ dx \ 

r — ^-t-oo J 

= lim /$(x)g'-('-i)^(gz(x)) |dx|, 

where Sr '■= {x G X" | ord{gi{x)) > r, i = 1, . . . , Z — 1}. In Section [6] we will study 
these integrals in a toric setting, in particular we will show the existence of the limit. 
The Z$ (s , VF, ) are limits of the integrals considered by Denef in [5] . We emphasize 
that W, gi) is not necessary equal to Z$ (s, W, gi) because $ (x) u {gi (x)) 

is not a Bruhat-Schwartz function. 



3. Polyhedral Subdivisions of M" and Resolution of Singularities 

3.1. Newton polyhedra. We set M+ := {x £ M | x ^ 0}. Let G be a non-empty 
subset of N". The Newton polyhedron P = F (G) associated to G is the convex hull 
in E" of the set Umgc (m -I- R" ) . For instance classically one associates a Newton 
polyhedron P {g) (at the origin) to g{x) = c^x"^ (x = (xi, . . . ,x„), g{0) = 0), 
being a non-constant polynomial function over K or if— analytic function in a 
neighborhood of the origin, where G =supp((7) := {m G N" | Cm 0}. Further we 
will associate more generally a Newton polyhedron to an analytic mapping. 

We fix a Newton polyhedron P as above. We first collect some notions and 
results about Newton polyhedra that will be used in the next sections. Let (•, •) 
denote the usual inner product of R" , and identify the dual space of M" with R" 
itself by means of it. 
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For a e K!f., we define 

d{a,T) = min(a,a;) , 

and the first meet locus F{a, F) of a as 

F{a,T) := {a; e r I {a,x) = d{a,r)}. 

The first meet locus is a face of F. Moreover, if o 7^ 0, F{a, F) is a proper face of 
F. 

If F = r (g), we define the face function Qa {x) of g{x) with respect to a as 
9a {x) = 9F(a,T) {x) = ^ c„a;™. 

meF(a,r) 

In the case of functions having subindices, say gi{x), we will use the notation 
gi,a{x) for the face function oi gi{x) with respect to a. 

We will say that a = (ai, . . . , a„) G K" is 0, positive vector (respectively strictly 
positive vector), if > 0, for i = 1, . . . , n, (respectively if > 0, for i = 1, . . . , n). 
We use the notation a to mean that a is strictly positive. 

3.2. Polyhedral Subdivisions Subordinate to a Polyhedron. We define an 
equivalence relation in K" by taking a ^ a' F{a, F) = F(a' , F). The equivalence 
classes of ~ are sets of the form 

Ax = {aeM!^ |F(o,r) = T}, 

where t is a face of F. 

We recall that the cone strictly spanned by the vectors Oi, . . . , € M!Ji\{0} is the 
set A — {Aifli + ... + XrOr I Ai G M+, Aj > 0}. If ai, . . . , a,, are linearly independent 
over M, A is called a simplicial cone. If ai, . . . , € Z", we say A is a rational 
cone. If {ai, . . . , ar} is a subset of a basis of the Z-module Z", we call A a simple 
cone. 

A precise description of the geometry of the equivalence classes modulo ^ is as 
follows. Each facet (i.e. a face of codimension one) 7 of F has a unique vector 
0(7) = (a-,.i; . . . , (7-7, ,i) G N"\ {0}, whose nonzero coordinates are relatively prime, 
which is perpendicular to 7. We denote by ©(F) the set of such vectors. The 
equivalence classes are rational cones of the form 

r 

Ax = {^Aia(7i) I A, e M+, A, > 0}, 

i=l 

where r runs through the set of faces of F, and 7;, i = l....,r are the facets 
containing t. We note that A.^ = {0} if and only if t = F. The family {A^}^, 
with T running over the proper faces of F, is a partition of R"\{0}; we call this 
partition a polyhedral subdivision of M" subordinate to F. We call {Ax}^, the 
family formed by the topological closures of the A,-, a fan subordinate to F. 

Each cone A^ can be partitioned into a finite number of simplicial cones A^-.i. 
In addition, the subdivision can be chosen such that each At-a is spanned by part 
of S)(F). Thus from the above considerations we have the following partition of 
M!^\{0}: 

n\{o} = u(u^-.^)' 
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where r runs over the proper faces of F, and each Ar,i is a simphcial cone con- 
tained in Ar. We will say that {Ar,i} is a simplicial polyhedral subdivision of K." 
subordinate to F, and that {AT-^i} is a simplicial fan subordinate to F. 

By adding new rays , each simplicial cone can be partitioned further into a finite 
number of simple cones. In this way we obtain a simple polyhedral subdivision of 
subordinate to F, and a simple fan subordinate to F (or a complete regular fan) 
(see e.g. 

Given a rational polyhedral subdivision E* of M" , we denote by Vert(S*) the set 
of all the generators of the cones in E*(this set is also called the skeleton of E*). 
Each n-dimensional simple cone in S* generated, say, by = (a, i, . . . , ai^„) G 
Vert(I]*), i — 1, . . . ,n, can be identified with a unimodular matrix [ci, . . . , a„]. 

3.3. The Newton polyhedron associated to an analytic mapping. Let / = 

(A: ■ • ■ J / (0) = 0, be a non-constant polynomial mapping, or more generally, an 
analytic mapping defined on a neighborhood U C K" of the origin. In this paper we 
associate to / a Newton polyhedron F (/) := F ^n'=i/i (^)) ■ From a geometrical 
point of view, F (/) is the Minkowski sum of the F (fi), for i = 1, • • • , /, (see e.g. 
PU] . [23]). By using the results previously presented, we can associate to F (/) a 
simple (or simplicial) polyhedral subdivision E* (/) of E" subordinate to F(/). 
The polyhedron F (/) is useful to construct S* (/), and then the corresponding 
toric manifold. However, if / > 1, the description of the real parts of the poles 
of the local zeta functions defined in the introduction requires F(/), and F(/j), 
j = 1, . . . ,1, as we will see later on. 

Remark 3. A basic fact about the Minkowski sum operation is the additivity of 
the faces. From this fact follows: 

(1) F (a, F (/)) = Y!,^^F (a, F (/,)), for a G M'; ; 

(2) d (a, F (/)) = E^.^.d (a, F (/,)), for a G M'| ; 

(3) let T be a proper face o/F (/), and let Tj be proper face o/F (fj), for i — 1, ■ ■ ■ ,1. 
Ifr^ Y,]^iTj, then Ar C A^^ , /or z = 1, • • • J. 

Remark 4. Note that the equivalence relation, 

a^a'^F(a,F(/)) = F(a',F(/)), 

used in the construction of a polyhedral subdivision o/M" subordinate to F (/) can 
be equivalently defined in the following form: 

a^a'^ Fia,r{f,)) = F(a',F (/j)), for each j = l,...,l. 

This last definition is used in Oka's book [20j . 

3.4. Non-degeneracy Conditions. 

Definition 1. (1) Let f = (/i, . . . , fi), f (0) = 0, be an analytic mapping defined 
on a neighborhood U C K'^ of the origin. Let Ti := F (fi) be the Newton polyhedron 
of fi at the origin, for i = I, . . . ,1. The mapping f is called non-degenerate with 
respect to (Fi, . . . ,F;) at the origin (or simply non-degenerate), if for every strictly 
positive vector a £ K." and any 

z e {z e (if^)" n f/ I /i,„(z) = . . . = fijz) = 0} , 

it satisfies that rankx ^/^'° (z) = miii{l,n}. 
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(2) Let [K) = V^O) = {z e C/ I /i(z) - . . . = fj{z) = 0}, /or j = 1, . . . , os 
before. If the analytic mapping 

U -> 

X {fi{x),...Jj{x)) 

is non- degenerate, we will say that V^^^ is a germ of non- degenerate variety. 

(3) Let f = (/i, . . . , fi), f (0) = 0, be a non-constant polynomial mapping. Let Ti — 
r (fi) be the Newton polyhedron of fi at the origin, for i — 1, . . . , L The mapping 
f is called strongly non- degenerate with respect to (Fi, . . . ,F;) (or simply strongly 
non-degenerate), if for every positive vector a € K", including the origin, and any 

z e {z e (K^)" I fi^a{z) = . . . = fi,a{z) = O}, it Satisfies that rankx ^j- (2) = 
min{l, n}. 

(4) Let y(^) (K) = = {z e if" I /i(^) = ■ ■ ■ = fjiz) = 0}, forj = l,..., I. If 
the mapping x — > (/i (x) , . . . , fj (x)) is strongly non- degenerate, we will say that 

is a non-degenerate complete intersection variety with respect to the coordinate 
system x = (xi , . . . , a;„) . 

The above notion was introduced by Khovansky [13], see also [2^. For a dis- 
cussion about the relation between Khovansky's non-degeneracy notion and other 
similar notions we refer the reader to 1281. 



Remark 5. We want to keep the classical terminology used in singularity theory. 
However, we will use this terminology in a more general setting. We will use the 
following conventions. By a K-algebraic variety W , always affine in this paper, we 
mean the set of K -rational points of W with the structure of K -analytic set. By a 
smooth K-algebraic variety V, we mean the set of K -rational points of V with the 
structure of K- analytic closed submanifold. In particular the dimension ofV is the 
dimension of the underlying K-analytic submanifold. 

Definition 2. An analytic function fi{x) is called convenient if for any k = 
l,...,n, there exists a monomial a;™*" with non-zero coefficient in the Taylor ex- 
pansion of fi{x). An analytic mapping 

(/i,...,/,): U ^ 

is called convenient, if each fi{x) is convenient for i ~ I, . . . , j . In this case we 
will say that V^^^ is convenient variety. 

We set Ei := | 0, . . . , . ^i^^^^ , . . . , | , for z = 1, . . . , n. From now on, we 



will assume that / = (/i, ...,//) is convenient, thus there exists a simple polyhedral 
subdivision of M" subordinate to F (/) such that any not strictly positive vector 
in Vert(S*) belongs to {Ei, . . . , En}. 

3.5. Resolution of Singularities of Non-degenerate Complete Intersection 
Varieties. The resolution of singularities for non-degenerate complete intersection 
varieties is a well-known fact (see e.g. [13], [17], [20], [24], see also [28], and refer- 
ences therein) . The version of the resolution of singularities needed here is a simple 
variation of the one given in [501 Theorem 3.4], [T7[ Proposition 2.5]. For the mate- 
rial needed to adapt the proof given in Oka 's book to the p-adic setting we refer the 
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reader to [9], [22]. We now review the basic facts about resolution of singularities 
of non-degenerate complete intersection varieties, without proofs, following Oka's 
book. We warn the reader that our terminology and notation are slightly different 
to the corresponding in [20, . 

Let V'^^''{K), j — I — 1,1, be germs of convenient and non-degenerate complete 
intersection varieties. Fix a rational simple polyhedral subdivision S* = E* (/) of 
M" subordinate to F (/). Let X{K) be the toric manifold corresponding to S*, and 
let h : X{K) U he the corresponding toric modification. We set (V*)''-'^ (K) := 
n {K^'f, j ^ I - IJ^ and V^'\k) for the closure of (V*)'^^^ [K) in [/, 
i = 1 -1,1. Let V'^^\K) be the strict transform of {V*f^^ {K) in X{K), for j = 
1-1,1. We set irW(i^) := {z e I fj (z) = 0}, {H*)^^^ (K) := H^i\K) n {K'^T , 
and H^\k) for the closure of (H*)'-^^ (K) in U, for j ^ l,...,l. Let H^3\K) be 
the strict transform of {H*)'"''^ (K) in X{K), for j — 1, . . . ,1. 

We recall that h : X{K) \ h^^ (0) ^ t/ \ {0} is a X-analytic isomorphism, and 
that 

a6Vert(S*) 

where Ea{K) is the compact exceptional divisor corresponding to a, see [20[ Corol- 
lary 1.4.1]. 

Theorem 1 ([2Ql Theorem 3.4]). Assume t/iat F^'^ (if), F^'^i) (if) are germs of 
convenient and non- degenerate complete intersection varieties at the origin. Fix a 
rational simple polyhedral subdivision S* — S* (/) o/R" subordinate to F (/). Let 
X (K) be the toric manifold corresponding to E*, and let h : X (K) U be the 
corresponding toric modification. There exist a neighborhood UqQU of the origin 
such that the following assertions are true over Uq. Put X'{K) :— X(K) \ h^^ (0) 
and Y'{K) -.^ U \ {0}. 

(1) h: V^^\K) vlf\K) is a proper mapping such that h : V'-J^K) n X'{K) 

is a K -analytic isomorphism, for j — I — 1,1. 

(2) The divisor of the pullback function h* fj is given by 

div{h*f,){K)^H^^\K)+ d{a,Tj)Ea{K). 

aeVert(E*) 
a>-0 

(3) V^^\K) is a submanifold of X{K) of dimension n — j so that V'-j\K) ^ 
n^^j^ii^'-' (if), j = 1 — 1,1. In addition V'^^^K), j = 1—1,1, intersect the exceptional 
divisor of h transversely. 

(4) h: t/('^i)(if) \ /i-i (0) -> F('~i)(if) \ {0} is a K -analytic isomorphism. 

Remark 6. In the next section we use the previous theorem to give an explicit 
list for the possible poles of Z^{uj, V'^^^^\ fi). We fix some notations needed for 
the next section. Let A S E* be an n-dimensional simple cone generated by at = 
{ai^i, . . . , On.i), i — 1, . . . ,n. Then in the chart of X (if) corresponding to A, the 
map h has the form 

h: K"^ ^ U 

y -> X, 

where Xi — 11^=12/^''^; — ['^ii ■ • ■ jOn]- Denote this chart by Wa- 
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We note that since h only maps to U instead to the whole K^^ , at some charts 
it will not he defined everywhere on if". We set I — {1, ...,?"} with r < n, and 

Ti{K) := {y G M^a | = ^ i G /} . 

We consider on points on h^^ (0) different from the origin of W/^. Let b £ 
Ti{K) be one of these points. We consider the following two cases: (I) b G Ti{K)C] 
F« {K); (II) b G Ti{K) n (K) and b ^ V^W {K). 

Case I. In this case b = (0, . . . , 0, 6r+i, . . . , 6n) with 

&=(&,+!,..., M G {K^'T-^ 

By Theorem [li;2), 

(3.1) (/, o h) [y) = [ilvf''"^'^^ [I {yr+i, ■ ■ ■,yn) + O, (yi, . . . ,y„)) , 

where the Oi (j/i, . . . ,yn) are analytic functions belonging to the ideal generated by 
yi,...,yr. By using that 

(3.2) b G (if n {/i(&.+i, . . . , 6„) = • • • = fi{br+i, . . . , 6„) = o} , 
and Theorem [1^3), there exists a coordinate system 

y' = {yi, ■ ■ ■,yr,y'r+i, ■■■,y'n) 

in a neighborhood Wb of b such that 



(3.3) (/. o h) {y') 




for i — and 

{y'r+i = ■■■ = y'r+i = 0} , respectively {y^^^ = . . . = = O} , 

is a local description in Wh of y*-'^ (if), respectively of (if). 
Case II. This case is similar to the previous one except that 

b G (if n {/l(6.+ l, . . . , bn) = ■■■ = f^l{br+l, 6„) - O} , 

and (|3.3p holds for z = 1 , . . . , ^ — 1 , and 



(3.4) {fioh){y')= \Jlyf''^^'^j u(y'), 

with \u (y')lA' = I" {^)[k foi' v' ^ ^b, and {y'r+i = . . . = = O} is a local 

description in Wb of yC^^' (if). 

Remark 7. (l)Ifwe replace in Theorem[l\the condition 'V^'-' (if), V^^^^^ (if) are 
germs of convenient non- degenerate complete intersection varieties at the origin, "by 
"yW (if), l/C^i) (if) are convenient and non- degenerate complete intersection va- 
rieties," and U by if", with a similar proof we obtain a global version of Theorem 
[3 that is, the conclusions (l)-(4) are valid without the condition "there exists a 
neighborhood Uq <Z U of the origin." In this case y*-'-* (if) and V^^~^^ (if) may have 
components that are disjoint with the exceptional divisor of h. 
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(2) The condition "there exists a neighborhood Uo d U of the origin" may be re- 
placed by "U is a sufficiently small neighborhood of the origin. " 

4. The Poles of the Meromorphic Continuation of Zii>(uj,V^'-~^\ fi) 

Given a = (ai, . . . , a„) G M" \ {0}, we put a {a) := ai + . . . + a„ and d (a, Fj) — 
minmgr, {m, a) as before. If d (a, F;) ^ 0, we define 



V{a) 



a {a) 



d{a,Tj) 



d{a,Ti) 



V 



d(a,F;)log(j' 



fc e z 



Theorem 2. Let / = (/i,...,/;) : U ^ K\ I > 2, / (0) = 0, 6e an analytic 
mapping defined on a neighborhood U C of the origin. Assume that V^(') {K) 
and yC"-'^' i^K) are germs of convenient and non- degenerate complete intersection 
varieties, and that [K) is a closed submanifold of U . Fix a rational simple 

polyhedral subdivision E* — E* (/) o/ K" subordinate to T(f). If U is sufficiently 
.small and $ is a Bruhat- Schwartz function whose support is contained in U , then 
Z^(uj,V^^^^\ fi) is a rational function oft = lo (tt), and its poles belong to the set 



aeVertCS") 

Proof. We fix a rational simple polyhedral subdivision E* = S* (/) of M" , and use 
the notation introduced in Theorem [1] and Remark [6l By Theorem [T] (4) , 

(4.1) h : V'^^-^\K) \ h-^ (0) ^ \ {0} 

is a iC-analytic isomorphism, where h~^ (0) is the exceptional divisor of h. We use 
(I4.ip as a change of variables in Zq,{uJ,V'^'^~^\ fi): 



Z^{u;,V^'-'\fl)^ J <^ix)u;{flix))\^GLix)\ 

y('-i)(_ft:)\{o} 

$* (y)a;(/r(y))|7GL(y)l 

y('-i)(_ft:)\/i-i(o) 

for (jj e 57o(-^^): where | 7gl (a^) I is the measure induced on by a 

Gel'fand-Leray differential form, and 7^^ (y) is the puUback of (x) by h. 

Since $* (y) has compact support, it is sufficient to establish the theorem for 
integrals of type 



e(y)c.(/r(y))|7£L(y)l, 



y(!-i)(_ft:)^/i-i(0) 

where Q {y) is the characteristic function of a neighborhood Wt (an open compact 
set which may be schrinked when necessary) of a point b £ V^('^^) (K). Furthermore, 
we may assume that Wb = c + ir'^R^, for some c = (ci, . . . , c„) € if", and that 
W^f) C Wa, the chart corresponding to a simple cone A g E* generated by Oi = 
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{aiA, ■ ■ ■ ,o,n.i), i = 1, . . . as in Remark [6l We take / = {1, . . . ,r} with r < n, 
and study the meromorphic continuation of for the two cases considered in 
Remark [HI 

Case I (6 G Ti{K){^Vi (K)). In this case r + l < n, and there exists a coordinate 
system y' ^ {yi, ■ ■ ■ , yr, y'r+i, ■ ■ ■ ,y'n) in such that 



for z = 1, . . . ,Z, V^'-^HK) = = . . . - = O}, and 



A dxA = U(y)n 



l<j<n 



A A A y'j, 

l<j<r ■'■+l<j<n 



where rj (y) is a unit of the local ring Ox{K).b- By schrinking Wt if necessary, we 
assume that \r]{y)\j^ — \ri{b)\i^, for any y e Wb- The form on is 
determined by the condition 



7GL(y') A X^l Illy: 



A A A c?y^ 



1<3<7- 



r+l<j<n 



Since the left side of the previous formula equals 



i-i 



ihL iv') A A rfy; 



r+2 



on V'^^ ^\K)^ we can take (y') equal to 



(4.2) 



A ^^2^^ A dy',+i A A rfy^ 



l<j<r 



r+l+l<j<n 



which is an analytic form, and then 

i-i 

(4.3) cr (aj) - 1 - ^ d (oj, Ti) > 0, for j = 1, , 



i=i 



We set Y{K) := Wb n ( V('-i) (if) \ /i"! (0) ) , 



X [ac y^^i) , 



and 



\dy"\ - 



/\dyj A rfj/^+i A A dy'^ 



j=r+;+l 
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We can express I{uj) as follows: 

Xiy')fl .^^o.+.(a,)-l-E-;<^K,^.)^) 



Y(K) 



J = l 



i.e., I{uj) is the product (up to a constant) of the following two integrals: 



(4.4) n 

and 
(4.5) 



J x{acy'.+i)\y'^+i\'j^\dy'^+i\, 



for Re(s) > 0. By applying Lemma 8.2.1 in [9] we obtain the meromorphic contin- 
uation for integrals in ()4.4|) and (|4.5p . Therefore the real parts of the poles of the 
meromorphic continuation of Z^{uj, V^''^^\ fi) have the form 



a (a) — (a, Tj' 
i=i 



d(a,r;) 



V 



a e Vert (S*) with a ^ 0, or - 1. 



For each strictly positive vertex a, we have an exceptional variety Ea- The 
exceptional varieties Ea which do not intersect V^^~^''{K) do certainly not induce 
a pole. For a vertex a for which Ea intersects y*^'^^' (if), we already proved that 
l*^) ~ l*^; Tj) > (cf. (|4.3p ). This complete the description of the possible 

poles of Z<i,(tj,F('-i),/i).^ 

Case II {b e Ti{K) n V^^-^'^ (K) and b i V^^ (K)). In this case r + I - 1 < n. 
By using the same reasoning as in the previous case one gets that I{uj) equals a 
constant multiplied by (|4.4p . □ 



Remark 8. If in Theorem\^we assume that f = (/i,...,/;), / (0) = 0, is a 
polynomial mapping, U = if", and F(') (K) and V'-^-^^ {K) are convenient and 
non-degenerate intersection varieties, with V'^^~^^ (K) a closed submanifold of K^^ . 
Then the conclusion of Theorem [D holds without the condition "U is sufficiently 
small. " 

4.1. The Largest Real Part of the Poles of Z$(s, F^'-^^ , /;). Given a / : 
U ^ K'' , f (0) — 0, an analytic mapping defined on a neighborhood U C of 
the origin, and a fixed rational simple polyhedral subdivision E* — E* (/) of 
subordinate to F (/), we set 

Z*(s, /;) := J a>(a;)|/z(x)|^ |7gl(x) I, 
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for Re(s) > 0. As always we will identify Z$(s,y(' ^\ fi) with its meroniorphic 
continuation. The correspondence 

defines a meroniorphic distribution on S{K"'). By the poles of Z. (s, V^''^^-', /;) we 
mean the set U0g5(i<-n) {poles of Z^{s, T^''"^-*, //)}■ By using the fact that / (0) = 
0, and that Z^{s^ V''^^^\ fi) can be expressed as a finite sum of Igusa's local zeta 
functions, it follows from [28l Lemma 2.6] that Z^{s^ V''''~'^\ fi) has at least a pole. 

We set (if to be the largest real part of the poles of Z.{s, /;), and jf to be 

the maximal order of the poles of Z.{s, /;) having real part (3f. By abuse of 

language we will say that (3f is the largest real part of the poles of Z^{s, V^^~^\ fi). 
We also set 7/ to be the maximum of the 

_ J^i 

d{a,Ti) 

\ J 

where a runs through all the strictly positive vectors in Vert(I]*) satisfying d (a, F;) 7^ 
and a (a) - J2l=\ d (a, r^) > 0. 

Remark 9. If jf > —1, then by Theorem\^ 7/ > j3f and jf < n — Z + 1. 

If / = (/i, ...,/,),/ (0) = 0, is a polynomial mapping, U ^ K'\ and (K) 
and [K) are convenient and non-dcgcncratc complete intersection varieties, 

with (K) a closed submanifold of then, with the obvious analogous 

definitions for f3f , jf and 7/, and deleting the condition "strictly positive" in the 
definition of 7/, Remark [9] holds. 

The largest real part of the poles of local zeta functions has been studied inten- 
sively m, [S], [5], [m, [25], [SOI- In the case Z > 1 the largest real part of the 
poles of Z^{s, V^''~^\ fi) is not completely determined by the F^. 

4.2. Vanishing of Z^{uj, V^^-^\fi). Given A e if^, we set 

y(/,A) y(LX) = e [/ I /,(;,) = ... = = 0, fl{z) = A} . 

Since any lu £ Q (K^ ) can be expressed as uj {z) = x {ac z) , s e C, for z e K'^ , 
we use the notation T/('-i), /,) := Z$(s, x, V^^'-^), //) := Z<i>(s,x). 

Theorem 3. Assume that the l—form /\\^idfi, with 2 < I < n, does not vanish 
on for any A G . Then, with the hypotheses of Theorem\^ there exists 

e($) > m N such that Z^(s,xM^''^\ fi) = 0, for every s G C, unless the 
conductor c (%) of x satisfies c (x) < e ($). 

Proof. By using the proof of Proposition [TJ and all the notation introduced there, 
we have that Z^{uj,V'-^''^\ fi) can be expressed as linear combination of classical 
Igusa's zeta functions, see (|2.ip . The result follows from Theorem 8.4.1 in [9] by 
the following assertion. 

Claim V/i (y) ^ 0, for any y e support of 9 n {/i (y) ^ 0}. 
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The hypothesis /\\^idfi ^ on yC'-^), for any A G , is equivalent to the 

matrix ^ (z) has rank I, for any z € (K) \ V^'-^ (K). We take, as in 

the proof of Proposition [U a point b G (K) and a coordinate system y = 

(yi, . . . , ?/„) =0 (x) around 6 such that 

yC-i) (if)-{y,-0, i = l,...,Z-l}, 

focally, and h (y) = (/; o (0, . . . , 0, y;, . . . , y„), then 



rankK 



djj_ 



— rankK 



'(i-l)x(i-l) 



0(1) 



o 



(;-l)x(n-(+l) 



dh 



^(l)x(i-l) ■ • • dyi ■ ■ ■ dy„ 

where /;-ix;-i is the identity matrix and 0(/_i)x(n-i+i), 0(i)x(i-i) are zero ma- 
trices, at any point of support of O H {/i (y) ^ 0}. Hence, at any point yo Gsupport 
of Q n {h [y) ^ 0}, there exists iq G {Z, . . . , n} such that (yo) 7^ 0. □ 

Remark 10. The conclusion in Theorem\^ holds, ij the condition "the hypotheses 
of Theorem\Bl' is replaced by "the hypotheses of Remark\^" 

4.3. The Oscillatory Integrals E,j>{z). In this section we study the asymptotic 
behavior of the osciUatory integral defined in the introduction: 

E^iz,V'^'-'\fi)=E^{z)= J I 7gl(x) I, 

y(!-i)(if) 

u G R^, TO G Z, and 5" (•) is the standard additive character on 



UTT 



where z 
K. 

Let CoefFffc Z$(s, denote the coefficient Ck in the power expansion of Z$(s,x) 
in the variable t ~ q^^. 

Proposition 2. Assume that the l—form /\\^idfi, with 2 < I < n, does not vanish 
on any X d . Then, with the hypotheses of Theorem\^ 



z!^\0,Xtr^v) + Coeff,„ 



{t - q) Z^{s,Xtriv) 



9x-^xiu) Coefftrr.-.MZ^^\s,x), 

where c (x) denotes the conductor of x, o,nd denotes the Gaussian sum 
5^ = (g-l)-igi-^(x) E Xiv)^{v/7r^^^^). 

Proof. The proof uses the same reasoning as the one given by Denef for Proposition 
1.4.4 in [2. □ 

Remark 11. The conclusion in Proposition^^ holds, if the condition "the hypothe- 
ses of Theorem\^' is replaced by "the hypotheses of Remark\^" 

Theorem 4. Let f = {fi, . . . , fi) : U K\ f {0) ^ 0, 2 < I < n, be an analytic 
mapping defined on a neighborhood U C /iT" of the origin. Assume that (K) 
and [K) are germs of convenient and non-degenerate complete intersection 

varieties, and that y('-i) (K) is a closed submanifold of U. Fix a rational simple 
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polyhedral subdivision S* ~ S* (/) o/ M" subordinate to T[f). Assume that U is 
sufficiently small and ^ is a Bruhat- Schwartz function whose support is contained 
in U. Assume that the Inform Ai=i'^/i d,oes not vanish on l/^'^^) {K), for any 
Xe K"". Then 

(1) for \z\j^ big enough E^{z) is a finite C— linear combination of the functions of 

the form x {O'C z) |z|^ (^ogg l-^l^)"'^ with coefficients independent of z, and A G C a 

pole of {l - q"^"-^) Z^{s,xtriv) or ofZ,s>{s,x), X 7^ Xtnv, and with j\ < (multiplicity 
of pole A — Ij. Moreover all the poles A appear effectively in this linear combination; 

(2) if -if > -1, then \E^iz)\ < C{K)\z\]^ (logJz|^)"~', for |z|^ big enough, 
where C (K) is a positive constant. 

Proof. (1) The result follows from Theorems [21 [3] and Proposition [2] by writing 
Z^(s,x) in partial fractions. (2) The estimation follows from the first part and 
Remark H □ 

Remark 12. The conclusion in Theorem^ holds, if the condition ''the hypotheses 
of Theorem\^" is replaced by "the hypotheses of Remark\^" 

5. Congruences and Exponential Sums Along Smooth Algebraic 

Varieties 

For any polynomial g over Rk we denote by g the polynomial over K obtained 
by reducing each coefhcient of g modulo Pk. 

Assume that fi {x) e Rk [2:1, ■ ■ • , Xn], fi (0) = 0, for i = 1, . . . ,1, with 2 < 

1 < n, and that V'-^-^^ (K) = {x £ K" \ fi (x) = 0, i = l,...,l-l} is a closed 
submanifold of dimension n — I + 1. We will say that [K) is a smooth K- 
algebraic variety of dimension n — I + 1, following the convention introduced in 
Remark [5l 

Since R^ is compact, 

V^'-'^ (Rk) := V^'-'^ [K) n R^ ^ {x e R^ \ f, (x) = 0, i ^ 1, . . . ,1 - 1} 

is a compact submanifold of dimension n — ^ + 1 . 

Let mod P^ denote the canonical homomorphism i?^ (Rfc / PxY\ for m,n E 
N\ {0}. We will call the image of A C i?^ by mod P^, the reduction mod P^ of 
A, and it will be denoted as A mod P^. 

We set 

T/C-i) (K) := {zel?" |^(z) = 0, 1 = 1,... ,1-1}. 

We will say that (K) has good reduction mod P^ if rank-^ 

Z — 1, for every z S (W) . In this case, we will say that [K] is a smooth 

K -algebraic variety of dimension n — Z + 1 with good reduction mod Pk- 
We also define for m € N\ {0}, 

yC^i) {RkIP'^) = e {RkIP'^T I ord (/, (5?)) >m, i = l,...,l~l}. 

We note that "ord {fi {x)) > m" is independent of the representative chosen to 
compute ord{fi (x)). 

Definition 3. (1) Let fi {x) G Rk [xi,. . . , Xn], fi (0) = 0, for i = 1, . . . ,1, with 

2 < I < n. The mapping f = (/i,...,/;) : K" , is called strongly non- 
degenerate with respect to (Fi, . . . ,Ti) (or simply strongly non- degenerate) over K, 
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if for every positive vector a G M", including the origin, and any 

ze {ze (x")" I 7i Jz) = = (z) = o}, 



it satisfies that rank- 



K 



(^) 



= I. Analogously we call f strongly non- degenerate 
with respect to (Fi, . . . ,r/) at the origin (or simply strongly non-degenerate at the 
origin) over K, if the same condition is satisfied but only for a strictly positive. 



(2) Let y(^) {K) = F(J') = {z € iC" I fi{z) 



f,{z) = Q}, for J 



as before. If the mapping f = (/i, . . . , fj) is strongly non- degenerate over K , we 
will say that V^^^ is a non- degenerate complete intersection variety over K. If 
f ~ (/i, . . . , fj) is strongly non-degenerate at the origin over K, we will say that 
is a non- degenerate complete intersection variety at the origin over K . 

We warn the reader that the main role of the word 'strongly' in the previous 
definition is to emphasize that we are working with a polynomial mapping and that 
U = K'\ 

For a e W] we set 



V^^\RkIP"k') {x e [Rk/P^T I ord{f,,a{x)) > m, z = 1, . . . , j} , 



and 



V^^\K) {x e /C" I = 0, * = f, . . . ,j} , 

for j = 1, . . . , L Analogously we define Va^'\K). 

5.1. Some Integrals Involving the Dirac Delta Function. In this section, 
all the integrals involving the Dirac Delta function are understood as defined in 
Gel'fand and Shilov's book [B], see also Section r2.1.1l 

Lemma 2. Let fi [x] G Rk [xi^ . . . , a;„], fi (0) — 0, for i ~ 1, . . . ,1, with 2 < I < 
n. Assume that y(') (K) and y('-i) (K) are non- degenerate complete intersection 
varieties over K. Let xq G (-R^) be a given point, let a S , and let m G N\ {0}. 
We set 



I (s, a;o, TO, a) 

Then I {s,X{),m,a) equals 


^— ?7i(n — / + !) — sfc 



<5 (/i,a (a;) , . . . ,/;-i,a {x)) \fi,a \dx\ , for Re(s) > 



if 



55 ^yi' ^^RK/Pi^) 

iro€v2~^\RKlP^) and 
k := ord{fta (xq)) < m 



where xq denotes the image of xq in Rk / P^^ . 

Proof. Note that 55 ^ Va^'^^ {Rk/ P^) implies that / (s, xq, m, a) — 0. We consider 
the case 55 e Va (Rk/Pk) and k — ord{fi^a {xq)) < m. By the Hensel lemma 
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we may assume xq G Then / (s, xa,m, a) can be expressed as 

/ (s, xo, m, a) = y 6 {h^a (^o + , . . . , //-i,a (xo + 7r"x)) \dx\ . 

By reordering the Xi's, and using the fact that (/i, . . . , is strongly non- 
degenerate over K, we assume that rank-j^ (^) = ^ ^ 1? fo^' ^i^Y ^ ^ (^^) ' 
We set y = (yi, . . . , y„) = </> (x) with 



7 7 7 



X-i 7 Z — . . . jTl. 



By using the implicit function theorem (see e.g. [U Lemma 7.4.3]), one gets that 
y — <j) {^) is measure-preserving bianalytic mapping of RJj^ onto itself. By using 
y = (j) (x) as change of variables in / (s, xq, to, a) one gets 

/ is, xo,m, a) = g-"-^'^ J S (^"yi, . . . , = 

Finally we consider 5o G V'i' (Rk/Pk) and A; = ord{fi^a (xo)) > "i. This 
condition is equivalent to e V^^ {Rk/Pk)i and by the Hensel lemma we may 
assume xq G vi''' {Rk)- By using a reasoning similar to the previously done, one 
gets that 

/ (s, xo, m, a) - g-"™ y 5 (^'"yi, ... 7 7r"y,-i) k^y^r My| 

= g-"™ 1 <5(^'"yi,...,7r"y,_i)|dy| 1 | / \vi\' \dyi\ 

(s+n-Z+l) 1 - 



9 



□ 



5.2. Polynomial Congruences over Submanifolds. Along this section we will 
assume that yC-i) {K) is a smooth iiT-algebraic variety of dimension n — l + 1 with 
good reduction mod Pk- We set A'^^ (/;, := TV™ as 

card{{x eV'^^-^^ {Rk) mod P]P | ord (/; (J)) > to}) , to>1 

1, TO = 0. 

Since (ii') has good reduction mod Pk, the Hensel lemma implies that 

y('-i) modPjJ' = ^C-i) 7 
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and then 



e yC-i) (Rk) modPiP I ord{fi {x)) > m} 



= {xe {Rk/P^T I /i (5?) = /2 (£) = ... = .A (J) = mod P^} . 

We associate to the sequence {Nm)mm Poincare series P {t, fi,Vi-i) := P {t) 
defined as 

P{t) = ^g^'"("-'+i)7V„t'". 



TO=0 



We also set 



z{sM'-^\f^ := j 5{h{x),...,fi_^{x))\h{xrj,\dx\. 



Lemma 3. Ift = q then 

(5.1) P{t) = 

Proof. We first note tliat 



1-t 



z[s,V(^-'\fi) = J S{h{x),...,fi.^{x))\fi{x)rj,\dx\ = 



m=0 



m=0 



^{xeiJ^|ord(/,(x))>m} 



y S{Mx),...,fl-i{x))\dx\ 
l{xeflS.|(ord/i(x))>m+l} 



> . 



The result follows from the previous identity by using the following claim. 
Claim 1 

J 5{h{x),..., fi-i (x)) \dx\ = g-'"("-'+i)iV„. 

{xeiJ^|ord(/i(x))>m} 

The previous integral is equal to a finite sum of integrals of the form 

I{xo,m):= J S{fi{x),...,fi-i{x))\dx\ 

{xexo+(PJ5?)"|ord(/i(x))>m} 

= j d{h{xo + n^x),...,fi-i{xo + n^x))\dx\, 

{xe JJJ. \ord{fi (xo+7r"'x))>m} 
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where xq G i?^- runs through a fixed set of representatives of V^^' (Rk) mod P]^. 
We may assume that xo £ F^'-i) {Rk). Indeed, we can choose another set of rep- 
resentatives of V^^-^\Rk) mod which are in V^^-^'^{Rk) because V^^-^\Rk) 
has good reduction mod Pk- 

Note that I{xo, m) = if ord (fi (xq)) < m, and if ord {fi (xq)) > m, 



/(xo, m) = g-'"" J S (/i (xo + tt^x) , . . . , (xo + ^"x)) . 

By using the fact that yC^^) [K) is a smooth if-algebraic variety of dimension 
n — l + 1 with good reduction mod Pk, it foUows from the imphcit function theorem, 
possibly after reordering the Xi's, that y = cj) {x), with 




is measure-preserving bianalytic mapping of R^ onto itself. Therefore 

/(xo, m) = g-"" J S (TT^yi + /i (xo) , . . . , 7r"y,_i + (xo)) \dy\ . 

We now note that I{xq, m) — unless fi (xq) = mod tt™, i ~ 1, ... ,1 — I; in 
this case, a simple change of variables shows that 

/(xo,m) = g-'"("-'+l) J 5(zi,...,Zi_i)|dz| =q-'"("-'+l). 

The Claim follows by observing that there are Nm integrals of type /(xo, m) each 
of them equals . □ 



Theorem 5. Assume that V^^^^^ (K) is a smooth K-algebraic variety of dimension 
n — l + 1 with good reduction mod Pk, and that V'^^^ (K) and (K) are non- 

degenerate complete intersection varieties over K . Fix a rational simple polyhedral 
subdivision E* = E* (/i, . . . , fi) o/ffi" subordinate to T (/i, . . . , fi). Then (1) P (t) 
is a rational function oft with rational coefficients; (2) ifjf > —l, then 

<C{K) 5"(»-'+i+T/)„,"-'. 

Proof. The first part follows from the rationality of Z (s, l/C"^) , /;) (cf. Theorem[2] 
and Remark [5]) by (|5.ip .The second part follows by expanding in simple fractions 
the left side of (|5.ip and using Remark [51 □ 



5.3. Exponential Sums Along Smooth Algebraic Varieties. 

Lemma 4. Let fi (x) G Rk [xi, ■ . . ,x„], (0) = 0, « = 1, . . . , Z, with 2 < I < n. 
Assume that V^^'^^' (K) is a smooth algebraic variety of dimension — I + 1 with 
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good reduction mod Pk- If z ~ utt to G N, u e R^, then 

E(z) j Sihix),..., {xj) * (zfiix)) I dx \ 



* {zfl {X)) I 7GL (X) I 

iyey('-i)(flK/P^') 

Proof. The lemma follows from Remark [2] and the following identity: 



5{fi{x),...Ji-,{x))\dx\ = 

g-m(n-i + l)^ if 2-0 e yC-l) (i?A') mod 

0, otherwise. 
The proof of this identity is very close to the proof of Claim 1 in the proof of Lemma 
H □ 

Theorem 6. Let fi {x) G Rk [xi, . . . , x^^, fi (0) = 0, for i — 1, . . . ,1, with 2 < I < 
n. Assume that l/^'^-'^) (K) is a smooth algebraic variety of dimension n — / + 1 
with good reduction mod Pk, and that V^^'-* {K) and V^^~^^ (K) are non-degenerate 
complete intersection varieties. Fix a rational simple polyhedral subdivision S* — 
S* (/i, . . . , fi) of M" subordinate to T (/). Assume that the Inform /\\^idfi does 
not vanish on V^^'^^ (K), for any A G . Ifjf > —1, then 

\Eiz)\<CiK)\z\]^{\og^\z\^y'-', 
for \z\j^ big enough, where is C (K) a positive constant. 

Proof. The result follows from the previous lemma by applying Theorem |4] (2) and 
Remark HH □ 

6. Explicit Formulas for Local Zeta Functions Supported on 
Non-degenerate Complete Intersection Varieties 

In this section V'^''^ (K) and V^^~^^ {K) are convenient and non-degenerate com- 
plete intersection varieties over K, and V^''~^^ (K) is not necessarily a submanifold. 
We associate to ^('"'^^and /; the following local zeta function: 

:= hm /<5,(/i(x),...,/i_i(x))|/i(a;)|^ Idxl, 

where s G C, with Re(s) > 0, and | | is the normalized Haar measure of K"^. 
We also define 



'o(s,V^'-'\fi) -.^ hm / Sr{fi{x),...,fi^,{x))\fi{x)\ 



K I dx 
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for Re(s) > 0. 

The following notation will be used in this section. Given a polynomial mapping 
/ = (/i, ...,/;) : K'' over Rk, and positive vector a, we set as before, 

In the case a = 0, we take V^"*^ (if) = y [K) . Let A be a rational simplicial cone 
spanned by a,, i = 1, . . . , ca- We define the hary center of A as 6 (A) = 

For X = {xi,. . . , Xn) € R^, we define ord{x) = {ord {xi) , . . . , ord (a;„)) € N", 
and 

i^A = {a; e i?^ I ord{x) G A} . 

Theorem 7. iei / = : /T" ^ if', / (0) = 0, 2 < « < n, 6e a 

convenient polynomial mapping over Rk- Assume that y(') {K) and F^'-^) {K) 
are non-degenerate complete intersection varieties over K. 

(1) There exists a real constant c (Fi , . . . , F;) such that Z (s, y('~^) , /;) is holomor- 
phic on Re(s) > c (Fi, . . . , F;). 

(2) Z (s, V*^'"^-*, /() admits a meromorphic continuation to the complex plane as a 
rational function ofq^"^, which can be computed from any given rational simplicial 
polyhedral subdivision S* o/M" subordinate to F(/) as follows: 

Z {sM'-'\fl) = Lo {q-') + i^i^'^) ' 

where Lq La (9"*); o,nd Sa o-re defined as follows: 

Lq {q-') = q-^-^'-^+^hard (y('-i) (K) D e (k^'Y \ Ji {z) ^ o}) 

La {q-n = 

q-(--^+^hard (v^'^)^) (K) H {z e (:^^)" | 7,,(a) (z) ^ o}) 

ami 

where h runs through the elements of the set 

n {E'=iM^a. I < < 1 /or i = 1, . . . ,eA} . 

(3) IfV^^-^\K) is a submamfold of K"" , then 

z[s,v^^-'\ft)=z(sM'-'\fi). 
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Proof. We set for r e N, 

(q-^) := [ 5r{fi{x),...Ji^,ix))\fiix)\'j,\dx\,Re{s)>0, 



and 

4'^ (g-^) := j Sr (/i {x),..., fi-i (x)) \fi \dx\ , Re{s) > 0. 

Since M!J: = {0} U Uags* A, we have 

z(s,V^^-'\f,)= lim 7^(9-^)+ 5: lim 4' (g"^) . 

AGS' 

The parts (l)-(2) of the theorem follows from the previous formula by using the 
following two claims. 

Claim 1. lim^^^oo -^o'^'' (<? gives a holomorphic function for Re(s) > —1. Fur- 
thermore, lim^^+oo -^o'^'' (? = Lq {q~^)- 

Claim 2. Let A be a rational simplicial cone spanned by Oi, i — 1, . . . , e^. Then 
lim,.^+oo 4' (9 gives a holomorphic function for Re(s) > c (A), where c (A) is 
a real constant. In addition, 



rir) 



lim 4) = La (g'^ ^A {q-") 



Proof Claim [2 Note that I^ ' (q-^) can be expressed as a finite sum of integrals 
of type 

I^'^Hs,xo):= I S{fi{x),...,fi.i{x))\fi{x)\'j,\dx\, Re(s)>0, 

Xo + iPK)" 

where a;o runs through a fixed set of representatives of {R^Y^ mod Pk- We now 
put 

fiixo+Trx)~fi(xo) i — I I 

TT 1 ■ ■ ■ 7 



(6.1) 



Xi i = I + 1, . . . ,n, 



and y = (j/i, . . . , i/„) :— p{x). Since / = (/i,...,/;) is strongly non-degenerate 
over K, y = p (x) gives a measure preserving A'-bianalytic map from R"^ to itself 
(cf. [HI Lemma 7.4.3]), and therefore 

/("^^ {s,xo) = 9"" / Sr {nyi + fi (xq) , ■ ■ ■ .iryi-i + (xo)) K?// + // (xo)|^ jdyl . 



If ^ V^('-i) (X), then lim^^+oo (s,a;o) = 0. Now, if e y('-i) {K) and 
y(') (IT), we have 

lim /'^'■^ (s,a;o) = g"" lim / Sr {-Kyi + fi{xo) , . . . ,TTyi-i + fi-i{xa))\dy\ 

r— *-+oc r— >+oo / 



R 



i-i 
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q-{n-l+l) / ,5.(zi,...,z,_i)|dz| =g-("-'+l). 

r—*-\-OQ 



lix^e F(') {K) , we have 

lim /M(s,xo) = g-("-'+i)-^ lim / 5, (zi, . . . , / 

r — >+oo r — >-\-oc J J 



Rk 



= q-in-i+i)-s J \zi\^^\dzi\, for Re(s)>0. 

Rk 

Therefore, 

(A) lim &Hs,xo) gives a holomorphic function for Re(s) > 0, 

r — *+oo 

and 

r if ^ F('-i) (F) 



(S) lim (s,xo) - < 



-(n-i+l) 



r — ^+oo 



e y('-i) (K) 

if ^ and 



Now, the announced claim follows from (A) and (B). 
Proof of Claim [2] We first note that 



E 



mGN"nA 



Sr{h{x),...Jl.i{x))\fl{x)\'^\dx\ 



ord(x)—m 



For m — {mi , . . . , m„) G N" n A we define 

Xi = TT™* Ui , Mi G i?]^ , i = 1 , . . . , n. 
Then = \du\, 

and 7^'' equals 

meN"nA , 

Since 
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where TZ^ denotes a fixed set of representatives of K in Rk, by changing variables 

as in (|6.ip . one gets that hmr_»+oo ^ ") is equal to 

(6.2) 

LA{q j^ijm^ ^ ^ Sr{zi,...,zi_i)\dz\\, 

°°'neN"nA y si, / 

where -B,„ = 7r'^(™'i'i)+ii?A' x . . . x 7r'*(™'r'-i)+ii?^. 

For a strictly positive vertex a, we have (i(a,rj) > 0. A vertex which is not 
strictly positive is a vector in the set {Ei, . . . ,En} because / is convenient. But 
for such a vector E'i, we have d {Ei, Tj) = 0. For strictly positive vertices a^, we set 

d[ai,l I) 

and for a cone A spanned by with i = 1 , . . . , ba , we set 

c(A) := max {c{ai) \ ai is strictly positive}. 

■!=l,...,eA 

By using the argument given by Denef and Hoornaert for the case I — 1 (see 
one verifies that series 

E-d(m,Ti)s- ( a(m)~^^-^-^d(m,T j] 
q V 

meN"nA 

converges absolutely on Re(s) > c(A) and that it defines a holomorphic function 
on Re(s) > c(A), and furthermore, 



5a (9-^)= E q 

meN'inA 



By using the dominated convergence theorem, and the fact that series S'a {q ^) 

hoo ^A 



converges absolutely on Re(s) > c(A), one gets that limr^+00 ^a'' equals 



-d(,nXi)s-(^a(,n)~-Y!-.J^d(,n,Ti)^ 



^a(9-0 E V---^^--"--V ^hm^ /^.(z„...,.._OM.| 

meN"nA 



r — >+oo 



La (q-') Sa (q- 



since lim^-t+oo 6r — S on S{K''^). 

Finally, we set c{Ti, . . . ,Ti) as max{UAeE-c(A) U {-!}}, then Z {s,V^'~'^\ fi) 
is holomorphic on Re(s) > c (Fi, . . . , F;). 

If V^^^^^{K) is a submanifold of if", the previous reasoning shows that the 
meromorphic continuation of Z (^s,V^^^^\ fi) can be computed from any given 
rational simplicial polyhedral subdivision of M" subordinate to F (/) using the 
explicit formula given in the statement of the theorem, then Z (^s,V^^~^\ fi) = 

Remark 13. // in Theorem we assume that {K) and V'-^-'^^ (K) are non- 
degenerate complete intersection varieties at the origin over K , with same notation, 



27 



we have 

Aes* 

h(A)^0 

The following problems emerge naturally motivated by our previous theorem. 

Problem 2. Let V^('-i) {K) he K-analytic subset, and let fi : V^^-^'^ (K) K he 
an K -analytic function. For which pairs (^fi,V'^^^^^^ is Zi^ {uj,V'^^^^\ fi) a rational 
function of ? 

Problems. LetV^'^-^'' (K) be K-analytic submanifold of U , and let fi : F('-i) (K) 
^ K be an K-analytic function. Is (w, V'-^-'^\ fi) = Z$ (w, V^^-'^\ fi)7 

7. Relative Monodromy and Poles of Local Zeta Functions 

With the obvious analogous definitions for strongly non-degeneracy over C (re- 
spectively, strongly non-degeneracy at the origin), we have the following. Suppose 
that /i , . . . , /; are polynomials in n variables with coefficients in a number field F 
(C C). Then we can consider / = {fi, ■ ■ ■ , fi) as a map K" K^ for any non- 
Archimedean completion K oi F. If / is strongly non-degenerate over C, then / is 
strongly non-degenerate over K for almost all the completions K of F. This fact 
follows by applying the Weak NuUstellensatz. 

We can associate to a complex non-degenerate polynomial mapping defined over 
a number field F a local zeta function, say Z$(s, x, -ft^)- In the case in 

which is an open subset of if", there are several conjectures relating the real 

parts of the poles of local zeta functions Z^{s, x, V'^^^^^ fi, K) and the eigenvalues 
of the complex local monodromy (see [21 and references therein]). 

Consider two complete intersection varieties defined in a neighborhood U of the 
origin of C": 

V^'^ (C) = {ze[/|/,(z) = 0,z = l,. ..,/}, 

(C) = {z e U \ f,{z) = 0, t = 1, . . . ,1 - 1} . 

Assume that l/f'^^) are germs of non-degenerate complete intersection vari- 

eties at the origin and that has at most an isolated singularity at the origin. 

Consider the Milnor fibration 

fi:E* {s,S)^Dl 

where 

E* (e, S) = [ze I ||z|| < 6, < \fi (z)| < s} , 

and 

D*, = {y e C |0 < < ^} . 

The zeta function of the monodromy of this fibration is called the l-th principal zeta 
function of the Milnor fibration of the mapping / = (/i,. ..,/() : {U,0) — > (C',0), 
2 < I < n, and it is denoted as Ci (t) 110] ■ The corresponding monodromy is called 
the l-th principal monodromy of fi relative to Vi-i at the origin. In [19j M. Oka 
gave an explicit formula for Q (t) in terms of the Newton polyhedra Fi, . . . ,r;. 
A similar result was also proved by A. N. Kirillov in [M]. These results are a 
generalization of Varchenko's explicit formula for the monodromy zeta function of 
a non-degenerate analytic function [25j . 
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Conjecture 1. (Relative Monodromy Conjecture) For almost all the completions K 
of F , if s is a pole of Z^{s,x, fi,Vi^i, K), then exp (271-^/—! Re (s)) is an eigenvalue 
of the l-th principal monodromy of fi relative to at the origin. 

8. Examples 

8.1. Example. We set / = (/i,/2) with /2 {x,y,z) = -\- + + x^ip'z^ 
and fx {x,y, z) = x + y — z. Then / is strongly non-degenerate over C, and by 
our previous remarks, / is strongly non-degenerate over Fp, for p big enough. We 
compute 

Zo{s,f) = Zo{s):= J \f2{x,y,z)\'pS{fi{x,y,z))\dxdydz\. 

Note that V (K) = {{x,y,z) S | /i {x,y,z) = /2 {x,y,z) = O} is a hyperplane 
section, by eliminating z, we get 51(2;, y) := a;^ -I- -I- (a; -I- y)^ -\- x^y^ {x + y)^ which 
is a degenerate curve with respect to its Newton polyhedron. Furthermore, by using 
the fact that W [K) = [{x, y, z) e \ fi {x, y, z) = 0} is a submanifold of Q^, we 
have 

Zo{s)= J \g{x,y)\p\dxdy\ . 

In the calculation we use the dual diagram of F (/) (i.e., the set of normal vectors 
to the facets of F (/)) and a simple polyhedral subdivision E* (/) = S* = {Aj}^ 
subordinate to F (/) is in figure 1.7.1 of [SHI P- 83] 

The vertices (i.e., normal vectors to the facets of F (/)) are as follows: Ei = 
(1,0,0), E2 = (0,1,0), E3 = (0,0,1), P = (1,1,1), Pi - (2,1,1), P2 = (1,2,1), 
P3 = (l,l,2). 

For A C M+, we set Ea = {{x,y, z) eZp] {ord{x) , ord{y) , ord{z)) e A] as 
before. Since we have a disjoint union (R>o)"^ = U Aes* A, we have 

b(A)^0 

^o(s,/)= E / \f2{x,y,z)\l^{fi{x,y,z))\dxdydz\ 

b(A,)^0 
25 

=: E^o.A, (s,/) , 

2=1 

where the cones are defined below. 

Claim 1. // Ai has dimension 3, then Zq^A; (s, /) = 0. 

We consider first the particular case of the cone Ai spanned by Pi, E^. In 
this case Pai equals 

U {{x,y,z) g Zl I X = p''+'^''u,y ^ p''v, z = p''+''w, u,v,weZ^} . 

a,6,ceN\{0} 

Then Zq^Ai (s, /) can be expressed as 

00 00 00 

E E E / \f2{x,y,z)\'j^S{fi{x,y,z))\dxdydz\. 

a=l b=l c=l pa + 2bx^ xpi'Z} xp''+<=ZjJ 

By taking 

X = p'^+^^u 

y — p^v , \dxdydz\ = p'^^'^''^'^ \dudvdw\ , 
z — p^^'^w 
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with u,v,w e Zp as a change of variables in the previous integral, Za^ {s,f) 
becomes 



oo oc oo 
a=l 5=1 c=l 



_a_46-c-86s J ' <5 (//i (u, w)) \dudvdw\ 



,8c^8 



where /i {ujVjw) = v + p°'~^^u — p'^w, {u,v,w) = + pSa+sfc^s _|_ p 

<^ (yli {u, V, w)^ = for every {u, v, w) € (Zp )^ , 

we conclude that Z^i (s, /) = 0. 

Let Aj be an arbitrary cone of dimension three. For any a G A^, F{a,Ti) 
consists of a monomial, say x, then /i {u,v,w) = u + p'^'^'^^u — p'^ ^'^^w, with c(a), 
c'{a) G N\ {0}. Note that the only monomials we obtain are a;, y, and z. We now 
use the previous argument to conclude that ^o.A; (s, /) = 0. 

Claim 2. // Aj is a cone of dimension two, then the possible values of Zq^a.. (s, /) 
are as follow: 



Cones 



^10 



Ai2 



^13 



^14 



^15 



^16 



^17 



^18 



^19 



i20 



Generators 



E3,Pl 



El, Pi 



Pi, Pa 



P3,Es 



P3, E2 



Pi,P2 



P3,P 



PP 



Pl,P2 



PP2 



P2,Ei 



P2, Eo 



Zo,A, {S,f) 







-Mi-p-^)(ig^y 



i^-p-'Y 



p 

l-p-^-tis 



(i-p-^r(T^)(gsy 



By using the same reasoning as in the calculation of ^o,Ai {s,f), we have 
Zo,AAs,f) = 0, for i = 10,12,14,18,20. We now compute ^o,Aii(s,/). By 
using the same reasoning and notation as in the calculation of Zq^Ai {s, /), one gets 
the following expansion for Zq^Ah {s, /): 



E Ep 

a=l b=l 



.a-ib-8bs J v,w)' 5 (p^fi {u, V, w)) \dudvdw\ . 



where fi {u,v,w) = v - w + p"-+^u, /2 {u, v, w) = v^ + pSa+s^^s -|- p'^°'v?v'^w'^ . 
Since 

^ {p^Ji {u,v,w)^ = Q iov {u,v,w) ^ i^{u,v,w) G {I.^f \ w = V + p°-+^u^ := Y, 
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and 



/2 {u,V,w) 



= 1, and assuming p > 2, one gets 

Y 



^o.Aii is, /) = E E p-'^'^"'"'^ J S (p'h (w, V, w)) \dudvdw\ . 

a=lb=l (2x^3 V / 

Fix a set of representatives TZ of (F^ ) in (Z^ ) ^ . Then 

/ ^ {p^ fi iu,v,w)j \dudvdw\ 

is a finite sum of integrals of type 

I^+pZ^J [f'h iu,v,w)j \dudvdw\ 

= P^^J^S {p'^Ji {ii + pu, ^2 + pv, 6 + pw)j \dudvdw\ , 
where ^ = (6,6,^3) e 7^, and ^ e (F^^)'. By taking 

1 p 

Z2 = U ) 
Z3 = W 

as a change of variables in the previous integral, and using the implicit function 
theorem (see e.g. [H Lemma 7.4.3]) one gets 



P~' 



If /i (^1,^2,6) 7^ 0, then the integral is zero. Now if /i (6,6,^3) = (note that 
this equation has {p — 1)^ solutions in (F^)' ), the integral becomes 

p-'kjip'^'^i) \dzi\^p-'+'. 

Therefore 

^0,A.. (S, /) - P-' iP - 1) E p-'^'^''-^"^ 

b=l 

The other integrals are calculated in a similar form, as well as the following ones. 

Claim 3. // is a cone of dimension one, then the possible values of Zq^/\. (s, /) 
are as follow: 
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Cones 



^23 



i24 



^25 



Generators 



Pi 



P2 



i-p- 



{p-iy-N)p 



where N — {p ~ 1)^ \ (l^) }' ^' ^' (p) Legendre symbol. 

The real parts of the poles of Zq (s, /) belong to the set { — 1, ^}; = 
and the multiplicity of the corresponding pole is one. 

On the other hand, ^2 {t) = (l - t^) (l - t^f (see [20l Example (1-2), pg. 220]). 
Therefore the relative monodromy conjecture holds in this example. 

8.2. Example. We set / = (/i, /z) with h{x, y) = + y", ^(x, y) = a;^ + + 
xy. Then / is strongly non-degenerate at the origin over C, and by our previous 
remarks, / is strongly non-degenerate at the origin over Fp, for p big enough. We 
compute Zq[s,V^^\ f2), by using Theorem [7] and Remark [T51 We use the simplicial 
polyhedral subdivision S* (/) subordinate to F (/) showed in figure 2. The vertices 
are as follows: Ei = (0, 1), Pi = (1, 3), P2 = (1, 1), P3 = (3, 1), E2 = (1,0). 

Only the cone generated by P2 gives a non-zero contribution to the local zeta 
function, 



-2s — 3+n 



card(|(a;,y) e (Fp^)' I x" + 2;" = 0|)p 
^0 ' = i_p-2.-2+„ ^ 

Note that the real parts of the poles of Zq (s, V'^'^^ , are zero or positive depending 
if 71 = 2 or if n > 2. 



References 

[1] Dabrowski, Romuald, Fisher, Benji, A stationary phase formula for exponential sums over 

Z/p'"Z and applications to G-L(3)— Kloosterman sums, Acta Arith. 80 (1997), no. 1, 1-48. 
[2] Denef J., Report on Igusa's Local Zeta Function, Seminaire Bourbaki 43 
(19 90-1991), exp. 741; Asterisque 201-202-2 03 (1991), 359-386. Available at 
: //www.wis.kuleuven.ac.be/algebra/denef.html' 
[3] Denef J., The rationality of the Poincare series associated to the p— adic points on a variety. 

Invent. Math. 77 (1984), 1-23. 
[4] Denef J., Poles of p-adic complex powers and Newton polyhedra, Niouw. Arch. Wisk. 13 
(1995), 289-295. 

[5] Denef J. and Hoornaert K., Newton polyhedra and Igusa's local zeta function, J. Number 

Theory 89 (2001), 31-64. 
[6] Gel'fand I. M., Shilov G.E., Generalized Functions, vol 1., Academic Press, New York and 

London, 1977. 

[7] Hashimoto, N., Asymptotic expansion of an ocillanting integral on a hypersurface, J. Math. 
Soc. Japan 47 (1995), no. 3, 441-473. 



32 



W. A. ZUNIGA-GALINDO 



[8] Igusa J-L, Some aspects of the arithmetic theory of polynomials. Discrete groups in geometry 
and analysis (New Haven, Conn., 1984), 20-47, Progr. Math., 67, Birkhauser Boston, Boston, 
MA, 1987. 

[9] Igusa J. -I., An introduction to the theory of local zeta functions, AMS/IP Studies in Ad- 
vanced Mathematics, 2000. 

[10] Kazhdan, David, An algebraic integration. Mathematics: frontiers and perspectives, 93-115, 
Amer. Math. Soc, Providence, RI, 2000. 

[11] Katz, Nicholas M., Travaux de Laumon, Seminaire Bourbaki, Vol. 1987/88. Asterisque No. 
161-162 (1988), Exp. No. 691, 4, 105-132 (1989). 

[12] Kempf G., Knudsen F., Mumford D., Saint-Donat B., Toroidal embeddings, Lectures notes 
in Mathematics vol. 339, Springer- Vcrlag, 1973. 

[13] Khovanskii A. G., Newton polyhcdra, and toroidal varieties. (Russian) Funkcional. Anal, i 
Prilozhen. 11 (1977), no. 4, 56-64. 

[14] Kirillov A. N., The zeta function of the monodromy of a singular point of a complete in- 
tersection. (Russian). Analytic number theory and the theory of functions, 4. Zap. Nauchn. 
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 112 (1981), 112-120, 201. 

[15] Lichtin B., Meuser D., Poles of local zeta functions and Newton polygons, Compositio 
Math. 55 (1985), 313-332. 

[16] Meuser D., On the poles of a local zeta function for curves, Invent. Math. 73 (1983), 445-465. 

[17] Morales, M., Polycdrc dc Newton et genre gcoiuctrique d'une singularite intersection 
complete. Bull. Soc. Math. France 112 (1984), no. 3, 325-341. 

[18] Moreno, Carlos Julio, Exponential sums and stationary phase. I. Coding theory, cryptography 
and related areas (Guanajuato, 1998), 195—208, Springer, Berlin, 2000. 

[19] Oka, Mutsuo, Principal zeta-function of nondegenerate singularity. J. Fac. Sci. Univ. Tokyo 
Sect. lA Math. 37 (1990), no. 1, 11-32. 

[20] Oka, Mutsuo, Non-degenerate Complete Intersection Singularity. Actualites Mathematiques. 
[Current Mathematical Topics] Hermann, Paris, 1997. viii-|-309 pp. 

[21] Saia M.J. and Zuniga-Galindo W.A., Local zeta functions for curves, non-degeneracy condi- 
tions and Newton polygons, Trans. Amer. Math. Soc, 357 (2005), 59-88. 

[22] Scrre, Jean-Pierre, Lie Algebras and Lie Groups. W. A. Benjamin, Inc., New York, Amster- 
dam, 1968. 

[23] Sturmfcls, Bcrnd, Grobncr bases and convex polytopcs. University Lecture Series, 8. Ameri- 
can Mathematical Society, Providence, RI, 1996. 

[24] Varchenko A., Newton polyhedra and estimation of oscillating integrals, Funct. Anal. Appl. 
10 (1976), 175-196. 

[25] Varchenko A. N., Zeta-function of monodromy and Newton's diagram. Invent. Math. 37 

(1976), no. 3, 253-262. 

[26] Veys W., On the poles of Igusa's local zeta functions for curves, J. Lond. Math. Soc, 41 

(1990), 27-32. 

[27] Veys W., Poles of Igusa's local zeta function and monodromy. Bull. Soc. Math. Fr., 121 

(1993), 545-598. 

[28] Veys Willem, Zufiiga-Galindo W. A., Zeta functions for analytic mappings, log- 
principalization of ideals, and Newton polyhedra. To appear in Trans. Amer. Math. Soc. 

[29] Ziiiiiga-Galindo W. A., Igusa's local zeta functions of semiquasihomogeneous polynomials. 
Trans. Amer. Math. Soc. 353 (2001) 3193-3207. 

[30] Zuniga-Galindo W.A., Local zeta functions and Newton polyhedra, Nagoya Math. J. 172 
(2003), 31-58. 

[31] Zuniga-Galindo W. A., Exponential sums along p-adic curves, Finite Fields Appl. 9 (2003), 
no. 2, 140-149. 

[32] Zuniga-Galindo W.A., On the poles of Igusa's local zeta function for algebraic sets. Bull. 
London Math. Soc. 36 (2004), 310-320. 

Centro de Investigacion y de Estudios Avanzados del I.P.N. , Departamento de Matem- 
ATicAS, Av. Instituto Politecnico Nacional 2508, Col. San Pedro Zacatenco, Mexico 
D.F., CP. 07360, Mexico 

E-mail address: wzuiiigaSmath.cinvestav.edu 



